Abstract. Modular curves X1(N ) parametrize elliptic curves with a point of order N . They can be identified with connected components of projectivized strata PH(a, −a) of meromorphic differentials. As any other stratum of meromorphic differentials, they have a canonical walls-and-chambers structure defined by the topological changes in the flat structure defined by the meromorphic differentials. We provide formulas for the number of chambers and an effective means for drawing the incidence graph of the chamber structure of any modular curve X1(N ). This defines a family of graphs with specific combinatorial properties. This approach provides a geometrico-combinatorial computation of the genus and the number of punctures of modular curves X1(N ). Finally, it will highlight that although the dimension of a stratum of meromorphic differentials depends only on the genus and the numbers of the singularities, the topological complexity of the stratum crucially depends on the order of the singularities.
Very few is known about the topology of strata of holomorphic differentials. The conjecture of Kontsevich and Zorich that strata are K(π, 1)-spaces is widely open, see [6] . There are some partial results for hyperelliptic components or low genus strata, see [4] . Contrary to the situation of holomorphic differentials where there is a finite number of strata of given genus, there is plenty of strata of meromorphic differentials. In genus zero, projectivized strata are configuration spaces of points on the sphere so the topology is pretty well understood. In this paper, we focus on the first interesting case, that is the family of strata H(a, −a) where a ≥ 2. Such strata parametrize meromorphic differentials with a zero of order a and a pole of order a on a Riemann surface of genus one. Assuming genus is nonzero, strata H(a, −a) are the only strata of meromorphic differentials whose complex dimension is two. Therefore, projectivized strata PH(a, −a) are complex curves whose genus and number of punctures can be computed. Just like the modular curve X 1 (1) is identified with the space of flat tori with a marked point (it stands for the case a = 0), modular curves X 1 (a) are identified with connected components of projectivized strata PH(a, −a) for a ≥ 2.
Since strata of meromorphic differentials have a natural walls-and-chambers structure (see [7] ), their topology may be grasped through a topologico-combinatorial study. Strata H(a, −a) are simple enough to allow complete determination of their topological features. For every value of a, we can draw the incidence graph of the chambers. This provides the first step of a systematic cartography of strata of meromorphic differentials. Incidentally, we get a new way to compute the genus and the number of punctures of modular curves X 1 (a) that does not make use of number theory or algebraic geometry.
Many quantities associated to strata only depends on the genus and the number of singularities rather than on their orders. For example, the complex dimension of a stratum H(a 1 , . . . , a n , −b 1 , . . . , −b p ) of meromorphic differentials with zeroes of order a 1 , . . . , a n and poles of order b 1 , . . . , b p on a surface of genus g is 2g + n + p − 2, see [2] . The same quantity is the lower bound on the number of saddle connections for surfaces of this stratum, see [7] . On the contrary, in this paper, we show that the genus of PH(a, −a) grows quadratically in a. Therefore, the topological complexity takes account of the order of the singularities.
Statement of main results
Connected components of strata of meromorphic differentials have already been classified by Boissy in [1] . Two flat surfaces of H(a, −a) belong to the same connected component if and only if they have the same rotation number. The rotation number of a flat surface X of H(a, −a) is rot(X) = gcd(a, ind(β), ind(γ) where β and γ are simple loops forming an homology basis. There is exactly one connected component C a d for every integer divisor d of a except a itself.
In the following theorem, we prove that the isomorphism type of connected components depends only on the ratio between the order of the singularities and the rotation number of the component. Therefore, we will be allowed to focus on the principal connected component of each stratum, that is the connected component where the rotation number is equal to one. We can note that this theorem provides a conceptual reason for the nonexistence of a component whose rotation number is equal to a (contrary the other cases in genus one). Indeed, this component whould have been isomorphic to H(1, −1) which is empty.
It should also be noted that the isomorphism between connected components does not preserve the action of GL + (2, R) since the number of open orbits may vary. Theorem 2.1 is proved in section 3.
We already know that the topology of connected components is given by modular curves. Connected components of different strata may be isomorphic if they correspond to the same modular curve. That is not all. Their walls-and-chambers structure will also be conjugated. To a certain extend, we should be able to consider that the walls-and-chambers structure exists directly on the modular curve X 1 ( a d ). For any modular curve, we get a graph of chambers describing the adjacentness relations between them. We get a family of graphs G a where a ≥ 2, see Figure 1 for the first graphs of the family. Theorem 2.2 is proved in section 4. Theorem 2.3 computes the genus and the number of punctures of modular curves X 1 (N ). What is new is that while usual proofs are algebro-geometric (see [3] for a complete study), our proof involves only flat geometry. In the following, φ is Euler's totient function. Theorem 2.3. For any N ≥ 5, X 1 (N ) is a complex curve of genus g with l cusps where
There are three exceptional cases: X 1 (4) is a complex curve of genus zero with three cusps, X 1 (3) is a complex curve of genus 0 with two cusps and an orbifold point of order three whereas X 1 (2) is a complex curve of genus 0 with two cusps and an orbifold point of order two.
These formula are drastically simplified if we consider only prime numbers.
Corollary 2.4. For a given prime number p, we have X 1 (p) PH(p, −p). As a complex algebraic curve, this modular curve is of genus (p − 5)(p − 7) 24 with p − 1 punctures.
This result indicates that the topological complexity of the stratum takes account of the order of the singularities. On the contrary, the dimension depends only on the number of the singularities, see [8] .
Finally, we also confirm that the modular curves X 1 (N ) (and the connected components of strata that are isomorphic to them) are topological spheres with punctures when 2 ≤ N ≤ 10 and N = 12.
Theorem 2.3 and Corollary 2.4 are proved in section 5.
The structure of the paper is the following: -In Section 3, we recall the background and tools useful to study translation surfaces with poles: flat metric, saddle connections, the moduli space, the core of a surface and its associated wall-and-chambers structure, the action of GL + (2, R), description of connected components in terms of divisors.
-In Section 4, we prove general geometric results about chambers and combinatorial relations between them, drawing their graph of chambers. We also describe projectivized strata PH(2, −2), PH(3, −3) and PH(4, −4).
-In Section 5, we establish formula to count chambers, connected components of the discriminant and to compute the topological invariants of the connected components of strata.
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Definitions and tools
3.1. Flat structures. Let X be an elliptic curve and let φ be a meromorphic 1-form with a unique zero of order a and a unique pole of order a with a ≥ 2. Outside these two singularities, integration of φ gives local coordinates whose transition maps are of the type z → z + c. The pair (X, φ) seen as a smooth surface with such a translation atlas is called a translation surface with poles.
In a neighborhood of the zero of the differential, the metric induced by φ admits a conical singularity of angle (2a + 2) π. The neighborhood of the pole of order a is obtained by taking an infinite cone of angle (2a − 2)π and removing a compact neighborhood of the conical singularity.
3.2. Moduli space. If (X, φ) and (X , φ ) are flat surfaces such that there is a biholomorphism f from X to X such that φ is the pullback of φ , then f is an isometry for the flat metrics defined by φ and φ .
As in the case of Abelian differentials, we define the moduli space of meromorphic differentials as the space of equivalence classes of flat surfaces with poles of higher order (X, φ) up to biholomorphism preserving the differential.
We denote by H(a, −a) the stratum of meromorphic differentials with a unique zero and a unique pole that have both the same degree a. When we consider differentials up to multiplication by a nonzero complex number, we get the projectivized stratum PH(a, −a).
On each stratum, GL + (2, R) acts by composition with coordinate functions, see [8] . Since neighborhoods of poles have infinite area, we cannot normalize the area of the surface and thus must consider the full action of GL + (2, R).
Saddle connections.
Definition 3.1. A saddle connection is a geodesic segment joining two conical singularities of the flat surface such that all interior points are not conical singularities.
Every saddle connection represents a class in the relative homology group H 1 (X \ {P }, {N }) where P and N are respectively the pole and the zero of the meromorphic 1-form. Strata are complex-analytic orbifolds with local coordinates given by the period map of maximal system of saddle connections, see [8] .
3.4. Index of a loop. The topological index of well-chosen loops provides much of the combinatorial informations we need to understand the relations between chambers. Definition 3.2. Let γ be a simple closed curve in a translation surface with (or without) poles. γ is parametrized by arc-length and passes only through regular points. We set γ (t) = e iθ(t) .
We have 1 2π
This number is the topological index ind(γ) of γ.
In particular, the topological index of a simple closed curve around a singularity of order k is 1 + k.
Connected components.
Definition 3.3. For a translation surface (with or without poles) X, the rotation number rot(X) is the greatest common divisor of topological indexes of loops in the surface (punctured at the singularities). In particular, for a translation surface of H(a, −a), rot(X) = gcd(a, ind(β), ind(γ) where β and γ are simple loops forming an homology basis.
The rotation number is a topological invariant of connected components of strata. Actually, Boissy proved in [1] that the rotation number completely classifies connected components of H(a, −a). There is a connected component C a d for every integer divisor d of a except a itself. We denote by principal component of the stratum the component where the rotation number of the flat surfaces is 1.
In addition of a classification of the connected components, elementary algebraic geometry allows a complete description of the topology of these components. Components of the projectivized strata are modular curves.
Proof of Theorem 2.1. We consider stratum H(a, −a) with a ≥ 2. An element of H(a, −a) is given, up to a constant multiple, by a pair (X, D) where X = C/Γ is a complex torus and D = −aP + aQ is a divisor on X. We have Γ = Zu + Zv. Without loss of generality, we assume P = 0. As a consequence of Abel's theorem characterizing divisors coming from meromorphic differentials, we have aQ ∈ Γ. Therefore, Q is of the form m a u + n a v where m and n are integers. Since we can deform continuously the lattice that defines the torus, different coordinates of Q that are image of each other by basis change operations belong to the same connected component (see the proof of Theorem 4.1 of Boissy in [1] for details). Therefore, there is exactly one connected component for each value l of gcd(m, n, a). Then, k = a l is the smaller integer such that kQ ∈ Γ. In other words, Q is a point of k-torsion. Number l may be any integer divisor of a different from a (because Q ∈ Γ). In the following, number l is the algebraic invariant of the component. There is exactly one connected component of H(a, −a) for each arithmetic divisor d of a different from a. Following [3] , modular curves X 1 (N ) are the moduli spaces of elliptic curves with a point of N -torsion. Therefore, projectivized strata PH(a, −a) are disjoint unions of modular curves. 
There is a geometric interpetation of this number: it is the greatest common divisor of the topological degrees of loops in every flat surface of the connected component. This number is the flat invariant of the connected component. A direct construction show that every integer divisor d of a different from a is realized in the stratum (see [1] for systematic constructions of connected components). In the following, we prove that the flat invariant is equal to the algebraic invariant. Since there is exactly one connected component for each divisor of a different from a, we just have to prove that one invariant divides the other to prove that they are equal. We prove that the algebraic invariant divides the flat invariant. We consider the connected component
We denote by b the flat invariant of C d 1 . We consider a loop γ passing only through the regular points of the torus. Since we have arg(
Thus, the algebraic invariant divides the flat invariant in every connected component. Consequently, these two invariants coincide.
3.6. Core of a translation surface with poles. The core of a flat surface of infinite area was introduced in [5] and systematically used in [7] . It is the convex hull of the conical singularities of a flat surface. Since all saddle connections belong to it, the core encompasses most of the qualitative (see walls-and chambers structure in subsection 3.7) and quantitative (periods of the homology) information about the geometry of the flat surface.
Definition 3.4.
A subset E of a flat surface is convex if and only if every element of any geodesic segment between two points of E belongs to E. The core of a flat surface (X, φ) is the convex hull core(X) of its conical singularities. IC(X) is the interior of core(X) in X and ∂C(X) = core(X) \ IC(X) is its boundary. The core is said to be degenerated when IC(X) = ∅ that is when core(X) is just graph ∂C(X).
Lemma 3.5. Let X be a flat surface of H(a, −a), then X \ core(X) is a topological disk that contains the unique pole. We refer to this disk as the domain of the pole.
Proof. Following Proposition 2.3 in [5] , core(X) is a deformation retract of X\{P } where P is the unique pole. Lemma 3.6. For any translation surface with poles X, ∂C(X) is a finite union of saddle connections.
Proof. See Proposition 2.2 in [5] .
In Lemma 4.10 of [7] , we proved a formula on the maximal number of noncrossing saddle connections of a translation surface with poles. We only consider the case elliptic curves where the meromorphic differential has exactly one zero and one pole. This number is related to the number of ideal triangles in any ideal triangulation of the core of the surface. An ideal triangle is a triangle where the vertices may coincide.
Lemma 3.7. Let |A| be the maximal number of noncrossing saddle connections of a flat surface that belongs to H(a, −a), then we have |A| = 2 + t where t is the number of ideal triangles in any ideal triangulation of core(X). Besides, |A| ≤ 4.
3.7.
Discriminant and walls-and-chambers structure. Strata of translation surfaces with poles decompose into chambers where the qualitative shape of the core is the same. The discriminant is the locus that separates these chambers from each other. Definition 3.8. A translation surface with poles X belongs to the discriminant of the stratum if and only if two consecutive saddle connections of the boundary of the core share an angle of π. Chambers are defined to be the connected components of the complementary to the discriminant in the strata.
The following lemma is proved as Proposition 4.12 in [7] .
Lemma 3.9. The discriminant is a GL + (2, R)-invariant hypersurface of real codimension one in the stratum.
The topological structure on a translation surface with poles (X, φ) defined by the embedded graph ∂C(X) is invariant along the chambers. The qualitative shape of the core and in particular the number of saddle connections of its boundary depend only on the chamber (see Proposition 4.13 in [7] for details).
Chambers
In strata H(a, −a), types of topological shapes of the core are very restricted. Proposition 4.1. Every chamber of PH(a, −a) belongs to one of the following three types: (i) Chambers of "cylinder" type where core(X) is a cylinder bounded by a pair of saddle connections (see Figure 2 ).
(ii) Chambers of "degenerate" type where core(X) is just a pair of saddle connections (see Figure 3 ). (iii) Chambers of "triangle" type where core(X) is an ideal triangle (see Figure 4 ).
Proof. Following Lemma 3.7, we already know that for any flat surface of a chamber of H(a, −a), the maximal number of noncrossing saddle connections is 2 + t where t is the number of ideal triangles in any triangulation of the core. Besides, we have 0 ≤ t ≤ 2. Number t is constant in every chamber. If t = 0, the chamber is of "degenerate type". If t = 1, there are exactly three noncrossing saddle connections and they bound the unique ideal triangle. The chamber is of "triangle" type. Finally, if t = 2, there are four noncrossing saddle connections. Therefore, the two ideal triangles are necessarily connected by exactly two of their sides (otherwise, there would be at least five or six noncrossing saddle connections). Thus, we have a cylinder formed by two ideal triangles and bounded by a pair of parallel saddle connections. The chamber is of "cylinder" type.
Description of the chambers.
Since the walls-and-chambers structure is GL + (2, R)-invariant, we will work with projectivized strata PH(a, −a). For each type of chamber we will choose a suitable normalization. Building from that, we will be able to provide a parametrization of each chamber and to figure out their shape. Finally, chambers of the same type will be distinguished by a system of combinatorial invariants.
Proposition 4.2. In chambers of "cylinder" type of PH(a, −a), we normalize the length and the direction of the two saddle connections that bound the core. Flat surfaces are characterized by two invariants:
(i) A partition of a as a sum of two nonzero integers. It corresponds to the repartition of a total angle of 2aπ between the two sectors of the domain of the pole. This discrete invariant distinguish the different chambers of the same type in the stratum.
(ii) The shape of the cylinder. The flat surfaces of the chamber are thus parametrized by H/Z. Consequently, every such chamber is an open GL + (2, R)-orbit.
In the boundary of such chambers, the cylinder degenerates and the core becomes a pair of saddle connections. Flat surfaces of the boundary are parametrized by the real ratio between their lengths. These chambers are topological disks with a unique boundary component. They have a cusp in their interior (corresponding to the case of an infinitely tight cylinder) and a cusp in their boundary (if one saddle connections of the core shrinks).
There is a chamber of "cylinder type" for every integer unordered partition a = k +k where k, k > 0. The chamber corresponding to the partition a = k + k belongs to the connected component where the rotation number of surfaces is gcd(k, a).
Proof. The holonomy vector of the two parallel saddle connections that form the boundary of the core is normalized. The geometry of the flat surface is determined by the shape the cylinder and the two angles of the domain of the pole. These two angles are non zero integer multiples of 2π and these multiples appear as the topological indexes of loops passing through the cylinder. These numbers are discrete invariants and are thus constant in a given chamber. Since the total angle is (2a + 2)π and there are two ideal triangles in the cylinder, the two angles sum to 2aπ. They can be encompassed in an integer unordered partition of a. Topological indexes of the loops determine to which connected component a chamber belongs to. The shape of the cylinders depends on the choice of a holonomy vector between the two ends of the cylinder. Therefore, the chamber is parametrized by H/Z. It is immediate that two flat surfaces of the same chamber belong to the same GL + (2, R)-orbit. A cusp corresponds to an infinitely long holonomy vector. There is a unique boundary component for a chamber of "cylinder" type whose characteristic partition is k + (a − k). It is formed by flat surfaces with degenerate core whose four angles are π, 2kπ, π, (a − k)2π. A way to parametrize surfaces of the boundary is to use the real ratio between the lengths of the two saddle connections. Since we do not distinguish between the two saddle connections, we have a unique cusp in the boundary (corresponding to the case where one of the two saddle connections becomes infinitely longer than the other).
Description of chambers of "triangle" type needs the introduction of a specific combinatorial structure. We would like to have partitions of an integer a into three parts that would be cyclically ordered. This structure should be sufficiently well-behaved to be acted upon by some linear operators. Definition 4.3. For any a ≥ 3, we define E a ⊂ (Z/aZ) 3 such that (x, y, z) ∈ E a if and only if x, y, z = 0 and x + y + z = 0. We also define E k a = {(x, y, z ∈ E a |gcd(x, y, z) = k}. We consider the linear applications S : (x, y, z) → (−x, −y, −z) and T : (x, y, z) → (y, z, x). The group Gr(S, T ) generated by S and T acts on E a while preserving the stratification
We denote by B k a = E k a /Gr(S, T ) the set of cyclic tripartitions of a with k as greatest common factor.
In chambers of "triangle", the discrete invariant is more complicated. There are three saddle connections and six angular sectors (three that belong to the triangle and three that belong to the domain of the pole). For every external angle, there is an internal angle such that the difference between their magnitudes is an integer multiple 2π. These three numbers corresponding to the three sides a cylinder form a cyclic tripartition of a.
Proposition 4.4. In chambers of "triangle" type of PH(a, −a), we normalize the area of the ideal triangle. Flat surfaces are characterized by two invariants: (i) A cyclic tripartition of a, that is an element of B a . This discrete invariant distinguish the different chambers of the same type in the stratum.
(ii) The shape of the triangle. Consequently, every such chamber is an open GL + (2, R)-orbit.
In the boundary of such chambers, the ideal triangle degenerates and the core becomes a pair of saddle connections. Flat surfaces of the boundary are parametrized by the real ratio between their lengths. These chambers are topological disks with three boundary components drawn between cusps. There is a chamber of "triangle" type for every cyclic tripartition of a. The chamber corresponding to a partition a = k + k + k belongs to the connected component where the rotation number of surfaces is gcd (k, k , k , a) . If a is of the form 3b, the cyclic tripartition a = b + b + b provides a chamber with an additional symmetry of order three. Such a chamber is a topological disk with a unique boundary component. There is a unique cusp in the boundary and an orbifold point of order three in the interior of the chamber (corresponding to an equilateral triangle).
Proof. The geometry of the flat surface is determined by the three angles of the triangle and the three angles of the domain of the pole. For each internal angle, there is an external angle that is formed by the same pair of saddle connections. Their magnitudes differ by a nonzero integer multiple of 2π (nonzero because the magnitude of an angle of a domain of a pole is at least π). Besides, this number is the topological index of a loop getting around these two angles. These numbers are discrete invariants and are thus constant in a given chamber. These three numbers form a partition x + y + z = a. For practical purposes, we represent them as triplets (x, y, z) of elements of Z/aZ such that x + y + z = 0. If we consider them up to cyclic permutation and global inversion, every such equivalence class appear from an usual tripartition of a. Indeed, if we have x + y + z = 2a, then we have (a − x) + (a − y) + (a − z) = a. Since elements of the discrete invariant are topological degrees of loops, their greatest common divisor decides which connected component the chamber belongs to. Two nondegenerate triangles are always conjugated by the action of GL + (2, R). Therefore, the interior of a chamber of "triangle" type is an open GL + (2, R)-orbit.
In the boundary of the chamber, the triangle degenerates and we get a surface with only two saddle connections. We assume the discrete invariant of the chamber is (x, y, z). We get a flat surface with degenerate core whose four angles are π, 2xπ, π + 2yπ, 2zπ. By permuting cyclically the numbers x, y, z, we three types of flat surfaces. Therefore, there are three boundary components in a chamber. In each of these boundary components we parametrize surfaces using the real ratio between the lengths of the two saddle connections. The chamber is a topological disk bounded by three segments separated by cusps. In the case a = 3b, there is a chamber corresponding to the cyclic tripartition (b, b, b). Such a chamber exhibits an exceptional symmetry. The flat surface of the chamber whose triangle is equilateral is an orbifold point of order three and there is a unique boundary component (the topological disk has been quotiented by the group of rotation of order three).
We end the description of chambers with the case of chambers of "degenerate" type. In such chambers, flat surfaces are characterized by four angles and the length of the two saddle connections forming the core. One of the main differences with the other types of chambers is that they can be formed by several open GL + (2, R)-orbits.
For reasons of commodity, we draw a distinction between two classes of chambers of "degenerate" type. If there is a pair of opposed angles with exactly the same magnitude, we refer to the chamber as a chamber of "balanced degenerate" type. Otherwise, we refer to the chamber as a chamber of "unbalanced degenerate" type. The following proposition proves the consistency of the distinction.
Proposition 4.5. The difference of magnitude between each pair of opposed angles in flat surfaces that belong to chambers of "degenerate" is a discrete invariant.
Proof. The geometry of the flat surface is determined by the four angles of the domain of the pole and the length of the two saddle connections. Just like in a parallelogram, the difference between the magnitudes of two opposite angles is 2kπ where k is an integer. The angles vary change continuously inside the chamber so this number is a discrete invariant of the chamber.
We begin with a description of the chambers of "balanced degenerate" type. They may feature additional symmetries and include an orbifold point. Proposition 4.6. In strata PH(a, −a), chambers of "balanced degenerate" type are distinguished by a partition k + k of a. For any such partition where k, k ≥ 1, there is a unique chamber of "balanced degenerate". The chamber belongs to the connected components where the rotation number of the flat surfaces is gcd(k, a). If a is an even number, the chamber associated to the partition a 2 + a 2 has an exceptional symmetry. The chamber is a topological disk with a unique cusp in the boundary and unique boundary component. Besides, there is an orbifold point of order two inside the chamber (corresponding to a surface where the two saddle connections have same length and the four angles are equal). Any over chamber of "balanced degenerate" is a topological disk with two boundary components separated by two cusps. In the boundary of such chambers, the saddle connections share the same direction and at least one angle has magnitude equal to π. Such flat surfaces are parametrized by the real ratio between the lengths of the saddle connections.
Proof. The sum of the magnitudes of consecutive angles and the difference of the magnitudes of opposite angles are discrete invariants of such chambers. We consider the pair of opposite angles with the same magnitude as a separatrix between two pairs of consecutive angles. The magnitude of these two pairs are (2k + 1)π and (2k + 1)π. Thus, we get a nontrivial partition of a as discrete invariant of the chamber. These numbers k and k are topological indexes of the loops of an homology basis of the torus. Therefore, a chamber with such a discrete invariant belongs to the connected component where flat surfaces have a rotation number of gcd(k, a). In order to ensure that there is a unique chamber with a given partition, we identify angles in such a way that the topological indexes agree. Next, we follow a linear path in the four-dimensional vector space defined by the magnitudes of angles. All along this path, the angles stay above π so we do not leave the chamber. Now that the angles are the same, we can extend or shorten the lengths of the saddle connections. Therefore, two flat surfaces with the same discrete invariant belong to the same invariant. This contruction also ensures that the chamber is contractile. If a is an even number, we can consider the chamber whose discrete invariant is a 2 + a 2 . In the chamber, opposite angles are equal and the flat surfaces of the chamber have a symmetry of order two. Besides, there is flat surface whose four angles are equal and whose saddle connections have the same length. This surface is exceptionnaly symmetric (order four) and corresponds to an orbifold point of order two. The boundary of the chamber is formed by surfaces whose angles are π, aπ, π, aπ. Therefore, there is a unique boundary component. For any other discrete invariant, there are two boundary components. Indeed, for a flat surface in the boundary, there is an angle equal to π. Depending on the pair of opposite angles this angle belongs to, the flat surface belongs to a boundary component or the other. These pairs are combinatorially different because by hypothesis there is one where the angles are equal and another where they are different. The case where the two pairs displays equal angles has been dealt with.
Chambers of "unbalanced degenerate" are more common and do not feature additional symmetries.
Proposition 4.7. In strata PH(a, −a), chambers of "unbalanced" type are distinguished by a combinatorial invariant that is an ordered tripartition x + y + z of a. For every such triplet, there is another triplet that corresponds to the same chamber. If z > x, then (x + y) + (z − x) + x represents the same chamber as x + y + z. If x > z, then it is z + (x − z) + (y + z) that represents the same chamber. For every such pair of ordered tripartitions of a, there is a unique chamber of "unbalanced" type. The chamber belongs to the connected component where the rotation number of the flat surfaces is gcd(x, y, z). These chambers are topological disks with two boundary components separated by two cusps. In the boundary of such chambers, the saddle connections share the same direction and at least one angle has magnitude equal to π. Such flat surfaces are parametrized by the real ratio between the lengths of the saddle connections.
Proof. The sum of the magnitudes of consecutive angles and the difference of the magnitudes of opposite angles are discrete invariants of such chambers. We assume the magnitude of an angle is equal to π and define the other angles (in the cyclic order) as 2xπ, (2y + 1)π and 2zπ. Therefore, x + y + z is a tripartition of a. Since the difference of magnitudes between opposite angles encompasses the whole discrete invariant (defined by topological indexes of loops), another triplet may represent the same discrete invariant. If z > x, then the other triplet is (x + y), (z − x), x. If x > z, then it is z, x − z, z + y. The idea is than we reduce the angles of a pair of opposite angles to increase the angles of the other pair. The two tripartitions describe the two ends of this process (and therefore the two boundary components of the chamber). Since the sums of magnitudes of consecutive angles is given by the topological index of loops of a basis of the homology of the torus, we have The chamber belongs to the connected component where the rotation number of the flat surfaces is gcd(x, y, z). Just like in the proof of Proposition 4.6, existence of a linear path relating the angles of any two flat surfaces with the same discrete invariants implies that there is a unique (and contractile) chamber for a given discrete invariant. If the difference of magnitude of the two pairs of opposite angles are not the same, then it is clear that there are two different boundary components in the chamber. The other case is when the differences are the same. In this case, there are also two different boundary components and they are distinguished by the orientation. For example, if a = 6, the chamber corresponding to 3 + 1 + 2 (which correspond to the same chamber as 2 + 1 + 3) has two boundary components where angles are respectively π, 6π, 3π, 4π and π, 4π, 3π, 6π. Such chambers thus are topological disks bounded by two segments related by two cusps.
4.2.
Adjacentness relations between chambers. Every chamber of every type is characterized by a discrete combinatorial invariant. In this subsection, we provide combinatorial criteria to decide which pair of chambers shares a boundary component. For a connected component of a stratum PH(a, −a) , every boundary component of the walls-and-chambers structure separates a chamber of "degenerate" type and a chamber of one of the two other types. The chamber of "balanced degenerate" type corresponding to the partition k + k = a is connected with the chamber of "cylinder" type corresponding to the partition k + k = a. If there is another boundary component, it is shared with the chamber of "triangle type" corresponding to the tripartition k + k + (k − k) (with k > k). The chamber of "unbalanced degenerate" type corresponding to two partitions of a (see Proposition 4.7) connects the two chambers of "triangle" type corresponding to these partitions.
Proof. In flat surfaces that belong to the boundary of chambers, there is at least an angle whose magnitude is π between two distinct saddle connections. These two saddle connections generate the homology of the torus. Since they share the same direction, such surfaces have a core whose area is zero (and thus is degenerate). The angles of these surfaces verify the relations (modulo 2π) of parallelograms. Therefore, the only angle whose magnitude could fall below π as we leave the boundary component is the opposite angle of the angle of magnitude π. However, these angles grow and decrease together. Therefore, there is always a chamber on a side of the boundary component where the four angles stay above π. This chamber is of "degenerate" type.
In the boundary of a chamber of "cylinder" type corresponding to the partition k + k , the four angles of the flat surfaces are π, 2kπ, π, 2k π. By transporting the magnitudes of the angles for a pair of opposite angles to the other, we get another boundary component where the four angles are 2kπ, π, 2kπ, (2k − 2k + 1)π. Such boundary component is shared with the chamber of "triangle" type corresponding to the tripartition k, k(k − k). Indeed, there is a unique angle whose magnitude is π. Therefore, a perturbation can only produce a unique ideal triangle.
In the boundary of a chamber of "unbalanced" type, the four angles of the flat surfaces include only one angle of magnitude π. Therefore, the two chambers that share a boundary with a chamber of "unbalanced" type are chambers of "triangle" type. The two boundaries correspond to each pair of opposite angles. For each boundary component, there is a unique angle equal to π and the repartition of a total angle of (2a + 1)π provide a tripartition characteristic of a chamber of "triangle" type. The two triplets correspondding to the chamber of "unbalanced" type correspond to a choice of a pair of opposite angles. Therefore, a chamber of "unbalanced" type is connected with the two chambers of "triangle" type having cyclical tripartitions corresponding to the two triplets. Now we have a full description of chambers and their relations, we are able to prove that the topology and walls-and-chambers structure of connected components of the strata only depend on the ratio between the degree a of the stratum and the rotation number of the connected component. A where A is a triplet or a partition (ordered or cyclically ordered). The condition underwhich such a combinatorial data corresponds to a chamber is also homogeneous. Therefore, A is the combinatorial invariant of a chamber of stratum PH(a, −a). Such a chamber belongs to the connected component C a 1 where the rotation number is 1. Similarly, the combinatorial relations that describe adjacentness relations between chambers are also homogenous of degree one. Therefore, the graph of adjacentness relations between chambers is the same in C a d and C a 1 . Chambers are topological disks so there is a very natural CW-complex structure associated with the walls-and-chambers structure of a connected component. Since there is a correspondance between chambers of the two components and isomorphism between their graph of adjacentness, C d.a d and C a 1 are isomorphic as CW-complexes. This ends the proof.
4.3.
Description of the exceptional components isomorphic to X 1 (2), X 1 (3) and X 1 4). In projectivized strata of the form 2b or 3b, the connected component corresponding the rotation number b displays special features. Indeed, they have orbifold special points that no not appear for example in principal components of strata PH(a, −a) when a ≥ 4.
We provide a complete topological description of these exceptional components in order to simplify the further investigation. Since these components are isomorphic to either PH(2, −2) or PH(3, −3), we describe them directly. The principal connected component of PH(4, −4) (which is isomorphic to X 1 4)) also displays a small deviation from the general formula we prove in Theorem 2.3.
Proposition 4.9. PH(2, −2) is a topological sphere with two punctures and an orbifold of order two. The discriminant is formed by a unique arc connecting one puncture with itself and cutting out two chambers. These chambers are a chamber of "cylinder" type (with a puncture in its interior) and a chamber of "degenerate" type (with the orbifold point in its interior).
Proof. Following Proposition 4.4, there is no chamber of "triangle" type because there is no tripartition of 2. For the same reason, there is no chamber of "unbalanced degenerate" type (Proposition 4.7). Since 1 + 1 is a unique partition of 2, there is a unique chamber of "cylinder" type and a unique chamber of "balanced degenerate" type (Propositions 4.2 and 4.6). These two chambers both have a unique boundary component. Thus, there are two chambers in PH(2, −2). These two chambers are separated by an arc connecting a puncture to itself. The chamber of "cylinder" type is a topological disk with one puncture inside (corresponding to an infinitely stretched cylinder). Besides, there is an orbifold point in the chamber of "degenerate" type (Proposition 4.6).
To sum up, if we forget the two punctures, the projectivized chamber can be decomposed into two faces, one edge and two vertices (a puncture and the orbifold point). Therefore, it is a topological sphere.
Proposition 4.10. PH(3, −3) is a topological sphere with two punctures and an orbifold point of order three. The discriminant is formed by two arcs connecting one puncture to itself, cutting out three chambers in a linear order. These chambers are (following the order) a chamber of "cylinder" type, a chamber of "degenerate" type and a chamber of "triangle" type. The chamber of "cylinder" type contains the other puncture (corresponding to an infinitely stretched cylinder) whereas the chamber of "triangle" type contains the orbifold point (corresponding to an equilateral triangle).
Proof. There is a unique chamber of "cylinder" type and its characteristic partition is 1 + 2 (Proposition 4.2). There is a unique chamber of "triangle" type and its cyclically ordered tripartition is 1 + 1 + 1 (Proposition 4.4). Following proof of Proposition 4.4, we know the chamber of "triangle" type has a unique boundary component and an orbifold point of order three. Since chambers of "degenerate" type are adjacent to chambers of "cylinder" and "triangle" type only, these two chambers are connected by a unique chamber of "degenerate" type. The discriminant is formed by two arcs whose ends correspond to limit cases where some saddle connections shrink. Since the boundaries of the chambers of "cylinder" and "triangle" type are closed segments, there is only one such puncture. If we forget the punctures, the discriminant provides a decomposition of the stratum into three faces, two edges and one vertex. Therefore, the genus of the surface is zero.
Proposition 4.11. There are two connected components in PH(4, −4). The component where the rotation number is 2 is isomorphic to PH(2, −2). On the contrary, the principal connected component (where the rotation number is 1) is a topological sphere with three punctures. There are four chambers : two that belong to the "degenerate" type and one of the other other types, see G 4 in Figure 1 for its graph of adjacentness.
Proof. Following Theorem 2.1, there are two connected components in PH(4, −4) that correspond respectively to the rotation numbers 1 and 2. Following Theorem 2.2, connected component C 4 2 is isomorphic to PH(2, −2). In particular, their walls-and-chambers structures are isomorphic. Next, we focus on the connected component C 4 1 . Following Proposition 4.2, there is a unique chamber of "cylinder" type because there is a unique partition 1 + 3 = 4 that satisfies the coprimality condition. Likewise, following Proposition 4.4, there is a unique tripartition 1 + 1 + 2 = 4 so there is a unique chamber of "triangle" type. Therefore, there is a chamber of "degenerate" type that connects the two latter chambers. There is also another chamber of "degenerate" type that connects the two remaining boundaries of the chamber of "triangle" type. Indeed, two chambers of "degenerate" type cannot be directly adjacent. We get G 4 in Figure 1 as graph of adjacentness of the chambers. Since there is a unique puncture in the boundary of the chamber of "cylinder" type, it is also the same puncture in the boundary of the next chamber of "degenerate" type and one of the two vertices in the boundary of the chamber of "triangle" type. However, the remaining vertex of the boundary of the chamber of "triangle" type is not identified with the others. We add the puncture that belong to the interior of the chamber of "cylinder" type and get three distinct punctures. There are 4 chambers, 2 punctures (one of the three is not used in the cell decomposition) and 4 arc components of the discriminant. Therefore, the Euler characteristic is 2 and the component is a topological sphere.
4.4.
Graph of chambers in connected components of strata. Just like in the previous subsection, we consider only principal connected components of strata. Other components are isomorphic to such components for a different stratum (see Theorem 2.2). Since adjacentness relations have been reduced to purely combinatorial issues, there is a systematic process to draw the graph of adjacentness of chambers of a connected component of PH(a, −a).
Most of the form of the graph is provided by the relations between chambers of "triangle" type. Hopefully, this graph is easy to handle. Definition 4.12. We denote by T a the graph such that: -the vertices are the chambers of "triangle" type of the principal connected component of PH(a, −a).
-the edges are the chambers of "unbalanced degenerate" type that relate two chambers of "triangle" type.
The graphs T a are very regular, see Figure 5 . They are Schreier coset graphs. In other words, they are given by the quotient of a finite group by a subgroup. It should be recalled that E 1 a is the set of triplets (x, y, z) of elements of Z/aZ such that we have: (i) x, y, z = 0, (ii) x + y + z = 0, (iii) gcd(x, y, z) = 1. In addition of the operators S : (x, y, z) → (−x, −y, −z) and T : (x, y, z) → (y, z, x) (see Definition 4.3), we also define linar application U : (x, y, z) → (x + z, y, x − z). Proposition 4.13. For any a ≥ 3, graph T a is isomorphic to the graph defined by: (i) B 1 a = E 1 a /Gr(S, T ) as set of vertices, (ii) an edge between two classes α and β of B 1 a such that there are representatives α and β in E 1 a with β = U (α). Group Gr(S, T, U ) acts transitively on E 1 a . Therefore, T a is a Schreier coset graph.
Proof. It has been proven in Proposition 4.4 that chambers of "triangle" type in the principal connected component are in correspondance with elements of B 1 a = E 1 a /Gr(S, T ). These chambers are connected by a chamber of "unbalanced degenerate" type if and only if the invariant of one chamber is represented by (x, y, z) and the other by ((x + y), y, (z − x)) or (z, (x − z), (y + z) depending on the sign of x − z. In other words, a representative (up to cyclic permutation and inversion) of the discrete invariant of each chamber should be related by the linear map U . The action of Gr(S, T, U ) acts transitively on E 1 a because otherwise, there would be several connected components with rotation number equal to one (classification of connected components has been established by other means in [1] ).
While the graph defined by the chambers of "triangle" type is very regular, the actual graph of chambers of the connected components are a little more decorated, see Figure 6 . For the picture of the graphs of chambers for small values of a, see Figure 1 .
Theorem 4.14. The graph of chambers G a of the principal connected component of PH(a, −a) is given by the two following operations: (i) adding a leaf (a vertex and an edge) on every vertex of T a of the form (a − 2θ, θ, θ) (corresponding to chambers of "cylinder" type). Figure 6 . T 7 and G 7 . Small black disks correspond to chambers of "degenerate type and the white circle corresponds to a chamber of "cylinder" type.
(ii) inserting a vertex (corresponding to chambers of "degenerate" type) on every edge to get G a .
Proof. Following Proposition 4.8, chambers of "cylinder" type corresponding to partitions k+k are connected by a chamber of "balanced degenerate" type to a chamber of "triangle" type whose discrete invariant is k+k+(k −k). Adding a leaf on every vertex corresponding to tripartitions of the form (a − 2θ) + θ + θ) provides a graph where chambers of "cylinder" and "triangle" type are represented. Inserting a vertex on every edge provides a graph where the vertices correspond to chambers and edges correspond to boundary components.
Counting cells in the connected components
In the following, we give formulas to provide combinatorial informations on strata. We denote by S a the number of connected components of the discriminant in PH(a, −a). We also denote by F a the number of connected components of the discriminant in the connected component of PH(a, −a) whose rotation number is one. Since H(1, −1) is empty, we set
where µ is the classical Möbius function.
In particular, when a is equal to a prime number p ≥ 5, there are
connected components in the discriminant of the stratum (which is connected).
Proof. Flat surfaces that belong to the discriminant have a degenerate core and one of the four angles of the domain of the pole is π. Connected components of the discriminant are parametrized by the lengths of the saddle connections and correspond to choices of angles. In some surfaces, there is a pair of opposite angles whose magnitude is equal to π. There is a connected component for every choice of angles that are multiple of 2π for the other pair of opposite angles. Such connected components are in bijection of partitions of a. There are a 2 of them. For connected components where the opposite angle is not equal to π, there is connected component for every tripartition of a. Therefore, there are (a − 1)(a − 2) 2 of them.
We compute the number of chambers of each type in the principal connected component: (i) CT a is the number of chambers of "triangle" type.
(ii) DT a is the number of chambers of "degenerated" type. (iii) CC a is the number of chambers of "cylinder" type. We denote by C a the number of chambers in the principal connected component. It should be recalled that φ is Euler's totient function Proposition 5.2. For any a ≥ 4, we have:
In particular, when a is equal to a prime number p ≥ 5, there are (p − 1)(5p − 1) 12 chambers in the stratum (which is connected).
Proof. Since we excluded the case a = 2, every chamber of "degenerate" type has exactly two boundary components. Therefore, we have DT a = 1 2 F a .
In PH(a, −a), there is a chamber of "cylinder" type for every partition of a. Since the rotation number of flat surfaces where the partition is k + (a − k is gcd(k, a) and Euler's totient function counts coprime numbers, there are exactly 1 2 φ(a) chambers of "cylinder" type. Finally, every chamber of "triangle" type has three boundary components (since we excluded the case a = 3) so 3CT a = F a − CC a . Therefore, we have CT a = 1 3 F a − 1 6 φ(a). Finally, we have C a = CT a + CC a + DT a . This ends the proof.
Having the number of chambers and the number of connected components of the discriminant, the computation of the number of punctures leads directly to the Euler characteristic of the complex curve and the computation of its genus.
Proof of Theorem 2.3. The cases 2 ≤ a ≤ 4 are already settled in Propositions 4.9 to 4.11 so we assume a ≥ 5. We first draw a distinction among the cusps of the principal connected component of PH(a, −a). Some belong to the interior of chambers of "cylinder" type and the others separate the connected components of the discriminant. They belong to the boundary of the chambers. There is exactly one cusp in each of the 1 2 φ(a) chambers of "cylinder" type. We put them aside as of now. For every cusp that separates the connected components of the discriminant, there is a small closed loop around it that passes through several chambers. This loop defines a closed path in the graph T a of chambers of "triangle" type. Indeed, the cusp that belongs to the boundary of a chamber of "cylinder" type of invariant k + k also belongs to the boundary of the chamber of "triangle" type of invariant k + k + (k − k). Therefore, we focus on the chambers of "triangle" type. For every cusp in the boundary of a chamber of "triangle" type, there are two vertices of the triangle that merge and one that remains alone. For a chamber of invariant (x, y, z), we get a limit-surface of genus zero with a conical singularity of order y − 1 and one other of degree x + z − 1. A loop around a cusp means a path among chambers of "triangle" type where one of the three degrees of the invariant is constant. Therefore, this loop is a finite orbit in E 1 a under the action of U . In each of these orbits, the middle element y of the triplet remains constant. Let d(y) = gcd(y, a). The number d(y) may be any divisor of a different from a. For every such divisor, we compute the number of loops. That way, we will be able to compute the total number of cusps. There are φ(a/d) numbers y such that d(y) = d. Besides, the length of the orbit under U is a/d. The different orbits sweep the triplets whose gcd is one. Therefore, there is a total of φ(d) different orbits for such an y. Since triplets are considered up to global inversion, we have to divide the total numbers of orbits by a factor 2 to get the total number of cusps that belog to the discrinant. This procedure does not work when a = 4 and therefore this case had to be settled separately.
Finally, the number of cusps that belong to the discriminant is − 
